Abstract. We propose a novel phenomenological model of mean transverse momentum fluctuations based on the Geometrical Scaling hypothesis. Bose-Einstein correlations between two gluons generated from an identical color flux tube are taken into account as a source of the fluctuation. We calculate an event-by-event fluctuation measure √ C m / p T and show that ALICE data observed at √ s =0.90 TeV for p+p collisions are reproduced. By fitting our model to the experimental data, we evaluate the transverse size of the color flux tube as a function of the multiplicity.
Introduction
Event-by-event fluctuation [1] (or correlation) of transverse momentum p T is considered to be a prove of the hot and dense matter generated in high-energy p-p and heavyion collisions theoretically [2, 3, 4] and have been extensively studied experimentally [5, 6] . In particular, we expect that fluctuations of dynamical origin are useful for screening of models for the evolution of the matter and understanding of the mechanism in multi-particle interaction [7, 8, 9] . (Although not dealt with in this paper, fluctuations originating in the structure of protons [10, 11, 12] are also important.) If mean transverse momentum p T fluctuations are purely statistical in event-by-event, it should decrease according [dn ch /dy] −0.5 , where dn ch /dy is the charged particle density. Such [dn ch /dy] −0.5 dependence on the p T fluctuation can be explained by a so-called dilution scenario [13] in which fluctuations are caused by superposition of independent particle production. In contrast, if there are fluctuations of dynamical origin in the initial stage of the multiparticle interactions and if those traces remain in some observables, they must give some important information on the dynamics of quark and gluon mater at the initial stage of the reaction [14, 15, 16] . Recently, the ALICE Collaboration has published data on event-by-event fluctuation of p T of charged particles in p + p and Pb+Pb collisions at Large Hadron Collider (LHC) energies [17, 18, 13] . We note that Bose-Einstein correlations (BEC) of gluons generated in the early stage of the hadronic collisions can be regarded as a possible origin of such fluctuations. In a grasma flux tube picture [19, 20] , the color flux tubes stretch in the longitudinal direction and they decay into gluons with momenta almost in the transverse direction at the central rapidity region. In order to take into account the BEC of gluon pairs, we need to specify a gluon source function in the transverse plane. Here, we assume that transverse size of the color flux tube is given by a saturation momentum scale Q sat appearing in Geometrical scaling (GS) hypothesis [21, 22, 23, 24, 25, 26] . The hypothesis is based on the saturation picture [27, 28, 29] which bring a intuitive and clear understanding to multiple particle interaction. Especially, the GS hypothesis provide a good description of multiplicity and collision energy dependence on p T observed in hadronic and nuclear collisions [22] . Then, it is meaningful to investigate whether such fluctuations are explained by the GS hypothesis with introducing some correlations between gluons emitted from glasma flux tube . This paper has two purposes. Firstly, it is to investigate whether the GS gives a good description of the experimental data not only on the multiplicity dependence of the mean p T but also on the event-by-event p T fluctuation. Secondly, it is to investigate what information can be drawn from the experimental data on the eventby-event fluctuations. This paper is organized as follows. In Section 2 we briefly review the GS hypothesis and introduce a Tsallis-type function as a specific form of the universal function F (τ ) used in our formulation. The multiplicity dependences of Q sat and an effective interaction area S T , which plays a central role in our model, are determined to reproduce experimental data on p T as a function of the charged particle multiplicity observed at √ s = 0.90 TeV for p-p collision [30, 31] . We determine the value of the parameter q appearing in the Tsallis-type universal function F to reproduce data on single inclusive p T spectra. Assuming that there exists BEC between two gluons generated in the same color flux tube, we introduce a possible gluon correlation function in Section 3. Then, ALICE data on event-by-event fluctuation of p T are compared by our model which is characterized by the saturation momentum Q sat with assumptions: i) local parton-hadron duality is applied and gluon correlations in the transverse momentum space survives until the final state of hadrons, ii) the universal function of GS is a Tsallis-type power-law function, iii) two gluon correlation function is a BEC-type function given as eq. (18) with eq. (20) . We close with Section 4 containing the summary and some further discussion.
Saturation momentum and single inclusive spectra
The GS hypothesis states that differential distributions of charged particles produced in hadronic collisions depend only on a specific combination of p T and Q s called saturation scale. The GS requires the gluon differential distribution function is expressed by the specific combination referred as a scaling variable,
where
Here, S T is an overlap transverse area of the colliding hadrons (or it may regard as an effective interaction area) and F (τ ) is an universal function of τ . The saturation scale Q s is an external intermediate energy scale [24] which is larger than a typical non-perturbative energy scale (∼ 0.2 GeV) and smaller than a perturbative energy scale (∼ 10 GeV). The scale Q s is given by a function of Bjorken x as the following:
where x ≡ p T /W , W is the c.m.s. scattering energy √ s, Q 0 is an arbitrary scale parameter of order 1 GeV/c and x 0 is a constant of order 10 −3 . The validity of this GS hypothesis has been confirmed by abundant experimental results in various reactions [25, 26] and these facts support the correctness of the basic idea of saturation [27] . The saturation picture can be intuitively explained by the saturation momentum Q sat instead of the scale Q s . DenotingW ≡ x 0 W , Q sat is defined as a solution of the following equation;
Here, Q sat should be regarded as a typical transverse momentum for givenW (or given multiplicity class as seen later) [23] . Then, itsW dependence is given by
and the scaling variable τ is replaced by the following:
Gluons with characteristic transverse momentum Q sat occupy an area roughly given by 1/Q 2 sat and its scattering cross section probed by the momentum transfer Q sat is ∼ α s (Q sat )/Q 2 sat [28, 29] . In this case, the gluon density is saturated at the density of the following eq.(6) [22, 23, 24, 25, 26, 27, 28, 29] , a critical density at which gluon begin to overlap each other. It is obtained by dividing the cross sectional areas of proton S T by the scattering cross section, that is,
Since transverse momentum spectra observed in various hadronic collisions are well reproduced by so-called Tsallis-type distributions, we assume the form of the universal function appearing in the GS is the following Tsallis-type distribution [22] :
where q and κ are constants ‡. Here, we assume local parton-hadron duality [32] , i.e., the gluon differential momentum distribution is proportional to that of hadrons: its proportional constant γ satisfies n g /γ = n ch . Then, the gluon's and charged hadron's transverse spectra are characterized by saturation momentum Q sat as follows:
. (8) The m-th moment of the spectrum for a limiting transverse momentum range [p T mim , p Tmax ] is proportional to the following integral:
Thus, the charged hadron multiplicity density and mean transverse momentum, respectively, are given by [33, 34] 
where the rapidity density is assumed to be constant in the central rapidity region.
In the limit of p T min → 0 and
is required to converge the integration in this case), we have
By using eq. (13), eqs. (11) and (12) can be reduced to the following explicit expressions
respectively. It may be worth to roughly estimate the values of quantities such as Q sat by using eq. (14) [30] and [31] , respectively. The solid line is the (3.rd order polynomial) fitting the data of [30] , which is named type I. It is extrapolated by an assumption that p T is constant for n ch > 40. The long and short dashed lines are (2.nd oder polynomial) fittings the data of [31] with two different extrapolations for n ch > 20, named type IIa and IIb, respctively.
in Fig.2 , Q sat and S T are evaluated by eqs. (11) and (12) , where the finite interval [p T mim , p Tmax ] is taken into account for the evaluation of I m .) Let's evaluate Q sat and S T /γ for a typical event with multiplicity n ch = 7.5 which is nearly equarl to the value using in a single Negative Binomial Distribution fitting ( n ch NBD = 7.49) [35] for p+p collisions at energy √ s =0.90 TeV. The corresponding mean transverse momentum p T is approximately 0.51 GeV/c [30] . For κ=0.15 and q ≈ 1 + 1/9 ≈ 1.1 [22] , the second equation of eq. (14) leads to Q sat = 1.19 GeV/c and then the first equation of eq. (14) leads to S T /γ = 1.05 fm 2 . Note here that we obtain the saturation momentum Q sat = 1.19 GeV/c by tuning parameters in eq.(4): Q 0 =1.0 GeV, λ = 0.22 [22] , W = 0.9 TeV, and x 0 = 6.4 × 10 −3 . The ALICE Collaboration presents data on p T as a function of n ch for two different experimental window in p T and pseudo rapidity η [30, 31] . One interval is 0.15 GeV/c < p T < 4.0 GeV/c, |η| < 0.8 [30] (denoted by type I) and the other is 0.15 GeV/c < p T < 10 GeV/c, |η| < 0.3 [31] (denoted by type IIa and IIb, which are two possible extrapolations of different type). Both type I and type II data indicate that p T monotonically increases as n ch increase. The experimental data are interpolated and extrapolated as shown by solid curves in Fig.1 for use of the numerical evaluation of Q sat , S T /γ, etc. Those two quantities are simultaneously determined as a function of n ch , if values of q and κ are given respectively. Figure  2 shows the dn ch /dy dependence of the saturation momentum Q sat and the effective interaction area S T /γ, where parameters q and κ are fixed to reproduce experimental data on transverse momentum spectra (as shown in Fig.4) . The single particle inclusive transverse momentum spectrum is obtained by superposition of p T spectra over wide event multiplicity class. The multiplicity distribution of charged hadrons observed at √ s =0.90 TeV [36, 37] can be reproduced by a negative binomial distribution §
In order to accurately reproduce the multiplicity distribution, we use a weighted sum of two NBD functions employed by ALICE collaboration:
where double-NBD fit parameters used, such as n ch 1 and k 1 , are found in the Table 9 in Ref. [37] . Hence the charged particle transverse momentum spectra is given by
, (17) where S T /γ is re-normalized to reproduce particle density dN ch /dη = 3.02 for inelastic (INEL) p + p collisions at 0.90 TeV [36] . The resultant transverse momentum spectra is shown in Fig.4 . As shown in Fig.4 , the transverse spectra is well-fitted by eq. (17) with q = 1.106 − 1.124, κ = 0.135 − 0.138. In p T > 8.0 GeV/c region, numerical results of the type IIa and IIb are slightly smaller than the experimental data. Since there are no substantial difference between the result of type IIa and IIb, this slight under estimation is not due to the difference in extrapolation in the region with large multiplicity (n ch > 20). It is probably due to the multiplicity dependence of p T in the small multiplicity (large transverse momentum) region. § It is interesting to note that the gluon multiplicity distribution is a negative binomial distribution if gluons are emitted from independent Glasma flux tubes [38] . Figure 4 . The p T spectra fitted to the ALICE data for p-p collisions at energy √ s = 0.90 TeV [30] . The values of q and κ, for each acceptance and extrapolation type I, IIa and IIb, are shown in Table 1 . 
Event-by-event fluctuation of p T and size of color flux tube
The expression eq. (17) for the single inclusive p T spectrum can be extended to the two particle inclusive distribution providing two particle correlation function. After highenergy hadron-hadron collisions, we consider color flux tubes that stretch between the receding hadrons. Their transverse size is expected to be order in 1/Q sat from the GS picture. Then, the subsequently multi-particle interaction proceeds by gluons generated by decay of the flux tubes [39, 40] . If two gluons are generated from the identical flux tube, they are correlated with each other in the transverse momentum space [41, 42] . As a possible type of such correlation function, we use it commonly found in Bose-Einstein correlation analysis. When two identical bosons are generated from the tube with the transverse size scale 1/Q sat , it may given by
2 n ch dp
where λ g is an effective correlation strength, and σ is introduced to accurately specify (or to modify) the correlation length. We here employ a Gaussian-type correlation function and ignore the longitudinal correlation [43] for the simplicity . The correlation strength λ g can be estimated by a ratio of a number of the identical gluon pairs generated from the same color flux tube to the total number of the identical gluon pairs without distinguishing from which tubes they were generated. Let m tube is the average number of tubes and k is the mean gluon multiplicity produced in each tube. Then, the total number of identical gluon (i.e., they have the same degree of freedom of color) pairs is given by m tube k C 2 . On the other hand, the number of gluon pairs generated from the same tube is m tube k C 2 . Thus, we obtain the ratio as
Noting that the number of tubes can be estimated by m tube ∼ S T / 1 σQ 2 sat , one may parametrize the correlation strength λ g as
where n is an exponent parameter which is phenomenologically introduced and it is expected n ≈ −1, if k ≫ 1. We also introduce a constant C to eq. (20) , assuming that contributions to the correlation strength of some other factors attribute to the constant. It is interesting to note that S T Q 2 sat ∝ dn ch /dy and we then naturally reproduce the multiplicity dependence of the fluctuation of the mean transverse momentum ¶, i.e., √ C m / p T ∝ [dn ch /dy] n/2 and the dilution model is reproduced when n = −1. In
Even considering correlation of longitudinal momentum, its contribution is absorbed by the parameter λ g because we assume the Gaussian-type correlation function eq. (18) . ¶ Recall the experimental data approximately behaves as [dn ch /dη] −0.5 , which is roughly explained by the dilution scenario in p-p collisions. However, we also expect that n = −0.5 in Pb+Pb collisions [17] . the subsequent analysis, C of equation (20) is set to C = 1, for simplicity. If the gluon's correlation comes down to the hadrons observed after the freeze out, the residual correlation can be found in p T fluctuation measure [17, 18, 13] 
for event class with fixed multiplicity m = dn ch dη ×|∆η| and |∆η| is pseudo rapidity interval used in the observation. In Fig.5 , we show two fit results for the fluctuation measure √ C m / p T observed by ALICE [44] . One is fit-A (the left panel), in which we use all 27 data points observed, and another is fit-B (the right panel), in which we exclude two data points of dn ch /dy < 3.0. Our simple model calculations nicely reproduce the experimental data except for small dn ch /dη region. The best-fit parameter values of n and σ in eqs (18) and (20) are shown in Table 2 . As shown results in the Table 2 , the fit results suggest evidence in favor of n > −1. Compared with the case of n = −1, decrease in λ g is suppressed in the case of n > −1 because the number of m tube is substantially suppressed in the high multiplicity region. In our model, the power-low dependence of dn ch /dy observed in √ C m / p T is derived from eq. (19) . The flux-tube size r tube evaluated from 1/ √ σQ sat and effective radius of the interaction area, which is defined by R T ≡ S T /π, are shown in Fig.6 . As multiplicity increases, R T also increases while r tube decreases slightly. It is interesting to note that there is no substantial difference in the evaluation of r tube between type I and type II (both IIa and IIb), that is, the estimation is independent from different experimental window for averaging. However, r tube depends on which fit is adopted, i.e., it depends on fit-A or fit-B. We obtain r tube = 0.2 − 0.3 fm in the analysis by the fit-A, on the other hand, we have r tube = 0.4 − 0.7 fm by the fit-B. Note that the fit-B faithfully reproduces the multiplicity dependence of the fluctuation measure observed by removing data with low multiplicity from fit. Resulting r tube is found to be very sensitive to the slope of the fluctuation measure √ C m / p T . In addition to r tube , we compare dn ch /dy dependence of R T obtained and HBT radii observed by ALICE [44] in Fig.6 . Since parton-hadron duality is assumed, S T /γ is a scale variable. Therefore, S T = πR 2 T
and γ can not be independently determined. We solved this scaling by requiring that the transverse interaction area obtained by HBT observations be equal to S T (where transverse expansion of the interaction region is ignored). The resulting γ is 2.20, 2.42, and 2.50 for the case of type I, IIa and IIb, respectively. Although the absolute value of the size has been adjusted to HBT measurement, it is worth noting that the multiplicity dependence also reproduces the observation results. Furthermore, when the dn ch /dy < 2 ∼ 3, calculations in the case of fit-B show that r tube ≈ R T . This indicates that the number of tubes produced in that case is at most one. We also show the multiplicity dependence of the λ g obtained in Fig.7 with 3 data points of λ HBT parameter in the HBT observation measured by ALICE Collaboration for charged hadrons. If our model correctly evaluates the correlation strength of the identical gluon generated from color flux tube, there will be a large gap between the correlation strength of gluon and that of the hadron in the final state as seen in fig.7 . It is not clear at the present time how this gap is explained, but the hadronization processes may have some influence on the correlation strength. It may be meaningful to recall color reconnecting (CR) [45] mechanism, which is successfully reproduce multiplicity dependence of p T [46] . Although CR does not affect mean transverse momentum fluctuation itself [17] , it may be possibly contribute to the gap.
Summary and concluding remarks
We have proposed a model of p T fluctuation in multi-particle interaction processes and applied it to p-p collisions at energy √ s = 0.90 TeV. Our model is characterized by the saturation momentum Q sat which is typical transverse momentum for given energy and multiplicity class [23, 24] in the geometrical scaling (GS) picture. If local parton-hadron duality provides good phenomenological description for multi-particle production, some signature of GS picture can be observed in the charged particle of the final state. This assumption is very strong request which connects the final and initial states of the multi-particle interaction process directly. A comment concerning the validity of the assumption of the parton-hadron duality may be in order here because some possible later-stage re-scattering effects such as resonance decays or jet fragmentations may potentially have influence on the final state. Note that the upper limit for the transverse momentum of the type IIa and IIb (p T < 10 GeV/c) is larger than that of the type I (p T < 4 GeV/c). Hence, some of the difference between type I and type II may be attribute to the contribution from jet fragments. However, there is no substantial difference between results of type I and II in the analysis of √ C m / p T except for the difference in the best-fit parameter values. This indicates that jet fragmentation may not contribute to p T fluctuation measure at least for the acceptance 0.15 < p T < 2.0 GeV/c. Resonance particles such as ρ meson decaying into daughter particles may also induce correlations in the momentum space. Since various resonance particles each have many decay processes, it is very difficult to know exactly how much resonance decay contributes to the amount of correlation and fluctuation. Hence, one needs to use some elaborate event simulations such as Therminator [47] to investigate this issue. Although we cannot examine the influence in detail in this paper, it should be noted here that, a simulation with Therminator revealed a negligible contribution of resonance decays to the p T correlation/fluctuation [47] . This indicates that cancellation between contributions of various resonance particles can occur [9] .
Under the local parton-hadron duality being established, an experimental fact that p T spectrum of the final state hadron is reproduced by a Tsallis-type function means that the universal function of the GS is also given by the Tsallis-type function eq.(7). Thus so-called slope parameter or temperature extracted from transverse spectra is related to the the saturation momentum Q sat . Since the single inclusive p T distribution can be regarded as a convolution of the universal function F and the multiplicity distribution P (n ch ), one must be careful in determining the two parameters q and κ appearing in eq.(7). For p-p collision at energy √ s =0.90 TeV, we found q = 1.11 ∼ 1.12 and κ = 0.135 ∼ 0.139 (see table 1), while Q sat varies with dn ch /dy as shown in Fig.2 . Considering that there is a Bose-Einstein correlation (BEC) between two gluons generated from the same color flux tube, we introduce a BEC-type correlation function into the two gluon spectra eq. (18) . The correlation function includes two parameters which characterize the color flux tube as the gluon sources, i.e., the correlation strength λ g and the parameter σ relating to the transverse size of the color flux tube 1/( √ σQ sat ). If such BEC correlations in the transverse momentum space survives until hadronization, the fluctuation measure of p T such as √ C m / p T observed by ALICE Collaboration includes information about the size of the color flux tube + . By fitting the ALICE data on the event-by-event p T fluctuation with the theoretical curve obtained from our model, both transverse size of the color flux tube and the interaction area were evaluated as shown in Fig.6 . The transverse size of the color flux tube estimated is 0.4∼ 0.7 fm (from fit-B) and the value depends on the event multiplicity. On the other hand, the transverse size of the interaction area R T increases as the multiplicity increases, which is consistent with results of HBT measurements. It is interesting to investigate whether such properties found in this article can be obtained for different energy and system. We plan to address these issues by analyzing ALICE results on the C m / p T for p+p and Pb+Pb collisions at higher energies.
